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Graph of a matrix

An×n : real symmetric matrix
G (A) : a graph G on n vertices 1, 2, . . . , n
i ∼ j if and only if i 6= j and aij 6= 0

G (A) does not depend on the diagonal entries of A
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1 0 0 1 0
3 0 −1 0 0
0 1 0 0 0
−4 0 0 0 5



Then we say A ∈ S(G ).
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The λ, µ problem:

Given real numbers

λ1 ≤ µ1 ≤ λ2 ≤ µ2 ≤ · · · ≤ µn−1 ≤ λn

and a family F of matrices, does there exist a matrix A ∈ F with
eigenvalues λi ’s such that A(1) has eigenvalues µi ’s?

Previous Results: For λ1 < µ1 < λ2 < · · · < µn−1 < λn, there is
a real symmetric matrix which realizes the given spectral data and
its graph is a given

I star [Fan, Pall 1957]

I path [Gladwell 1988]

I tree [Duarte 1989]
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Theorem [Duarte 89]:

T : a tree with vertices 1,2, . . . , n
i : a vertex of T
λ1 < µ1 < λ2 < µ2 < · · · < µn−1 < λn : real numbers

Then there is a (real) symmetric matrix A with graph T and
eigenvalues λ1, . . . , λn such that A(i) has eigenvalues µ1, . . . , µn−1
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We say a matrix A where its graph is a tree T has the Duarte
property w.r.t. vertex i if
either

I A is 1× 1

or

I the eigenvalues of Aj(i) strictly interlace those of A

I and Aj(i) has the Duarte property w.r.t. vertex j

for all neighbours j of i .
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Proof is by induction on the number of vertices.

f (λ)

g(λ)
= (λ− aii )−

m∑
j=1

a2ij
hj(λ)

gj(λ)

I gj : characteristic polynomial of Aj(i)

I aij : real number

I hj : monic polynomial with deg(hj ) < deg(gj )

I roots of hj strictly interlace the roots of gj



A =
i throw−−−→

i th col ↓

. . . . .
.

Bj1 O
aij1

aij1 aii aij2

O aij2 Bj2

. .
. . . .


I A realizes the given spectral data.



Theorem [M., Shader 13]:

G : a connected graph with vertices 1, 2, . . . , n
i : a vertex of G
λ1 < µ1 < λ2 < µ2 < · · · < µn−1 < λn : real numbers

Then there exists a (real) symmetric matrix A with graph G and
eigenvalues λ1, . . . , λn such that A(i) has eigenvalues µ1, . . . , µn−1

Sketch of proof:

I Choose a spanning tree of G , call it T .

I Solve the problem for T using Duarte’s method, call it A.

I Show that the A is “generic“, using a property similar to the
Strong-Arnold Property.

I Perturb the zero entries, and the implicit function theorem
guarantees the existence of a perturbation of the nonzero
entries such that the eigenvalues of A and A(1) remain the
same, without zeroing out those zero entries.
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Example

1

2 3

λ : −10 0 2
µ : −1 1
i : 10 1 1

1 0 0
1 0 0

 diagonals−−−−→ M =

x1 x4 x5
x4 x2 0
x5 0 x3

 ,M(1) =

[
x2 0
0 x3

]

x2 = −1, x3 = 1

f (λ) = (λ+ 10)(λ)(λ− 2) = λ3 + 8λ2 − 20λ

g(λ) = g1(λ)g2(λ) = (λ+ 1)(λ− 1) = λ2 − 1
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A =
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27
2

√
11
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27
2 −1 0√
11
2 0 1

 ⇒ M =

2x1 x4 x5
x4 2x2 y1
x5 y1 2x3

 ,N =

[
2x2 y1
y1 2x3

]

Then

F (x1, . . . , x5) =(2(x1 + x2 + x3), 4 x1
2 + 2 x4

2 + 2 x5
2 + 4 x2

2 + 4 x3
2,

8 x1
3 + 6 x1x4

2 + 6 x1x5
2 + 6 x4

2x2 + 6 x5
2x3 + 8 x2

3 + 8 x3
3,

2(x2 + x3), 4 (x2
2 + x23 ))
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24x21 + 6x24 + 6x25 24x22 + 6x24 + 6x25 24x23 + 6x25 12x1x4 + 12x2x4 12x1x5 + 12x3x5

0 2 2 0 0
0 8x2 8x3 0 0
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2 − 3072 x4x5x3x2 + 1536 x5x4x2
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A
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Let y1 =
√
3
2 , then

M̂ =


−8 9+

√
11

2
√
2

√
66−3

√
6

4
9+
√
11

2
√
2

−1
2

√
3
2√

66−3
√
6

4

√
3
2

1
2

 eigenvalues−−−−−−−−→ −10, 0, 2

N̂ =

[
−1

2

√
3
2√

3
2

1
2

]
eigenvalues−−−−−−−−→ −1, 1



Or let y1 = 0.1, then

M̂ ≈

 −8 −3.552219778 2.526209542
−3.552219778 −0.9949874371 0.1
2.526209542 0.1 0.99498743710


eigenvalues−−−−−−−−→ −9.999999999,−1.342005956 · 10−15, 1.999999999

N̂ ≈
[
−0.9949874371 0.1

0.1 0.99498743710

]
eigenvalues−−−−−−−−→ −1, 1



What does ”generic” mean?

I Let x := (x1, . . . , x2n−1), y := (y1, . . . , ym−n+1)

I g : Rm+n → R2n−1

g(x , y) := (c0, c1, . . . , cn−1, d0, d1, . . . , dn−2)

ci : nonleading coeff’s of the characteristic polynomial of M

di : nonleading coeff’s of the characteristic polynomial of N

I f (x , y) :=
(
trM, trM2, . . . , trMn, trN, trN2, . . . , trNn−1)

I Newton’s identities imply f is obtained from g by an invertible change of

variables, i.e. Jac(g)
A

is nonsingular iff Jac(f )
A

is nonsingular

I F (x) := f (x , 0). Then Jac(f )
A

is nonsingular if Jac(F )
A

I (Implicit Function Theorem) xi ’s can be described as
continuous functions of yi ’s in a neighbourhood of A

I so changing each yi to some εi one can find x̂i such that

g(x̂1, . . . , x̂2n−1, ε1 . . . , εm−n+1) = (c0, . . . , cn−1, d0, . . . , dn−2)



How to compute the Jacobian of f

Let (i , j) be a nonzero position of M with corresponding variable xt . Then

I
∂

∂xt

(
tr Mk

)
= 2kMk−1

ij

I
∂

∂xt

(
tr Nk

)
=

{
2kNk−1

ij ; if i , j 6= n

0 ; o.w
= 2kÑk−1

ij

Jac(F )

A

= 2 ∗



Ii1 j1 · · · Iin−1 jn−1
I11 · · · Inn

2Ai1 j1
· · · 2Ain−1 jn−1

2A11 · · · 2Ann

...
. . .

...
...

. . .
...

nAn−1
i1 j1

· · · nAn−1
in−1 jn−1

nAn−1
11 · · · nAn−1

nn

Ĩi1 j1 · · · Ĩin−1 jn−1
Ĩ11 · · · Ĩnn

2B̃i1 j1
· · · 2B̃in−1 jn−1

2B̃11 · · · 2B̃nn

...
. . .

...
...

. . .
...

(n − 1)B̃n−2
i1 j1

· · · (n − 1)B̃n−2
in−1 jn−1

(n − 1)B̃n−2
11 · · · (n − 1)B̃n−2

nn





How to show the above matrix is nonsingular?

Lemma:
Let A have the Duarte property with respect to the vertex 1, G (A)
be a tree T , and X be a symmetric matrix such that

1. I ◦ X = O,

2. A ◦ X = O,

3. [A,X ](1) = O.

then X = O.



How Does the Implicit Function Theorem Work?

Theorem
x ∈ Rs , y ∈ Rr

F : Rs+r → Rs : continuously differentiable on an open subset U of Rs+r

F (x , y) = (F1(x , y),F2(x , y), . . . ,Fs(x , y)),

(a, b) ∈ U with a ∈ Rs , b ∈ Rr

c ∈ Rs such that F (a, b) = c

If

[
∂Fi
∂xj

(a,b)

]
is nonsingular, then there exist an open neighborhood

V containing a and an open neighborhood W containing b such
that V ×W ⊆ U and for each y ∈W there is an x ∈ V with

F (x , y) = c



How Does the Implicit Function Theorem Work?

a

b

W

V

U : open

Rs

Rs

Rr

(a, b) F

c
(x , y)
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Thank You!!
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