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Introduction:
History, motivation

Definitions and preliminaries



Often for mathematicians finding a needle in a haystack can be
formulated as solving

f (x , y) = c ,

where f : Rn+m → Rn

The Implicit Function Theorem says when a particular solution
f (x0, y0) = c is ‘nice’ then one can solve f (x , y1) = c for any y1
near y0.



i.e. if you find a nice needle in the haystack f (x , y0) = c,



then all nearby haystacks f (x , y1) = c have a needle.



Why do we care?



B. Parlett,
in The Zahir

“Vibrations are everywhere, and so too are the
eigenvalues associated with them.”

Beresford N. Parlett, 1998



Parameters Behavior

A physical system

direct problem

inverse problem

I Agustin Cauchy (1789–1875)

I Jacques Sturm (1803–1855)

I Joseph Liouville (1809–1882)
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A physical system:

Motion equations:

m1ẍ1 = −k1x1 + k2(x2 − x1) + F1(t),

m2ẍ2 = −k3x2 − k2(x2 − x1) + F2(t).

Matrix form:[
m1

m2

] [
ẍ1
ẍ2

]
+

[
k1 + k2 −k2
−k2 k2 + k3

] [
x1
x2

]
=

[
F1

F2

]
.

Aẍ + Cx = F

When F = 0, the eigenvalues of C describe the ‘natural
frequencies’ of the system.
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ẍ2

]
+

[
k1 + k2 −k2
−k2 k2 + k3

] [
x1
x2

]
=

[
F1

F2

]
.
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ẍ1
ẍ2

]
+

[
k1 + k2 −k2
−k2 k2 + k3

] [
x1
x2

]
=

[
F1

F2

]
.
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Graph of a matrix

An×n : real symmetric matrix
G (A) : a graph G on n vertices 1, 2, . . . , n
i ∼ j if and only if i 6= j and aij 6= 0

G (A) does not depend on the diagonal entries of A

1

2

4

5

3

G

A =


2 1 3 0 −4
1 0 0 1 0
3 0 −1 0 0
0 1 0 0 0
−4 0 0 0 5



Then we say A ∈ S(G ).
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I In general the coefficient matrix C for the system of masses
and springs has a certain zero-nonzero pattern that can be
described by its graph.

1 2 3 4 ↔

C =


k1 + k2 −k2
−k2 k2 + k3 −k3

−k3 k3 + k4 −k4
−k4 k4 + k5



Previous studies when graph of A is a:

I star [Fan, Pall 1957]

I path [Gladwell 1988]

I tree [Duarte 1989]
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Submatrices and Subtrees

1

2

4

5

3

T

1

2

4

5

3

T (1)

T2(1)

A =


2 1 3 0 −4
1 0 0 1 0
3 0 −1 0 0
0 1 0 0 0
−4 0 0 0 5

 ,A(1) =

 0 0 1 0
0 −1 0 0
1 0 0 0
0 0 0 5

 ,A2(1) =
[

0 1
1 0

]
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Cauchy Interlacing Inequalities

An×n: real symmetric matrix
Eigenvalues of A: λ1 ≤ λ2 ≤ · · · ≤ λn
Eigenvalues of A(r): µ1 ≤ µ2 ≤ · · · ≤ µn−1
Eigenvalues of A({r , s}): τ1 ≤ τ2 ≤ · · · ≤ τn−2

Then
λi ≤ µi ≤ λi+1, i = 1, . . . , n − 1,

λi ≤ τi ≤ λi+2, i = 1, . . . , n − 2.

λ1 λ2 λ3 λ4

µ1 µ2 µ3

τ1 τ2
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The Implicit Function Theorem

Theorem
x ∈ Rs , y ∈ Rr

F : Rs+r → Rs : continuously differentiable on an open subset U of Rs+r

F (x, y) = (F1(x, y),F2(x, y), . . . ,Fs(x, y)),

(a,b) ∈ U with a ∈ Rs , b ∈ Rr

c ∈ Rs such that F (a,b) = c

If

[
∂Fi
∂xj

(a,b)

]
is nonsingular, then there exist an open neighborhood

V containing a and an open neighborhood W containing b such
that V ×W ⊆ U and for each y ∈W there is an x ∈ V with

F (x, y) = c



The Implicit Function Theorem

x

y

(a, 0)

(a, ε)

(ā, ε)
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The
Jacobian Method



The λ-Structured Inverse Eigenvalue Problem

Theorem (K. H.M. and B.L. Shader 2014)

For given

λ1 < λ2 < · · · < λn: real numbers, and

G : a graph on n vertices,

there is an n × n real symmetric matrix A such that

eigenvalues of A are λ1, λ2, . . . , λn, and

graph of A is G .

Proof:
Let

A =


λ1

λ2
. . .

λn


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Define:

M = M(x, y) =


x1 y1 · · ·

y1 x2
. . .

...
...

. . .
. . . ym

· · · ym xn



Note that M(λ1, . . ., λn, 0, . . ., 0) = A.

Define:
F : (x, y) 7→

(
λ1(M), λ2(M), · · · , λn(M)

)
.

Note that F
A

= F (λ1, . . ., λn, 0, . . ., 0) = (λ1, λ2, · · · , λn).
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F : (x, y) 7→
(
λ1(M), λ2(M), · · · , λn(M)

)
.

Then

Jac(F )
A

=

 I O


has full row-rank.

F (λ1, . . ., λn, 0, . . ., 0) = (λ1, λ2, · · · , λn).

Then by the Implicit Function Theorem, for y = (ε1, . . ., εm) with
sufficiently small εi > 0, there is an x = (λ1 , . . .,λn) close to
(λ1, . . ., λn) such that

F (λ1 , . . .,λn , ε1, . . ., εm) = (λ1, λ2, · · · , λn).

Let A = M(x,y). Then graph of A is G , and eigenvalues of A are
λ1, . . . , λn.



F : (x, y) 7→
(
λ1(M), λ2(M), · · · , λn(M)

)
.

Then

Jac(F )
A

=

 I O


has full row-rank.

F (λ1, . . ., λn, 0, . . ., 0) = (λ1, λ2, · · · , λn).

Then by the Implicit Function Theorem, for y = (ε1, . . ., εm) with
sufficiently small εi > 0, there is an x = (λ1 , . . .,λn) close to
(λ1, . . ., λn) such that

F (λ1 , . . .,λn , ε1, . . ., εm) = (λ1, λ2, · · · , λn).

Let A = M(x,y). Then graph of A is G , and eigenvalues of A are
λ1, . . . , λn.



F : (x, y) 7→
(
λ1(M), λ2(M), · · · , λn(M)

)
.

Then

Jac(F )
A

=

 I O


has full row-rank.

F (λ1, . . ., λn, 0, . . ., 0) = (λ1, λ2, · · · , λn).

Then by the Implicit Function Theorem, for y = (ε1, . . ., εm) with
sufficiently small εi > 0, there is an x = (λ1 , . . .,λn) close to
(λ1, . . ., λn) such that

F (λ1 , . . .,λn , ε1, . . ., εm) = (λ1, λ2, · · · , λn).

Let A = M(x,y). Then graph of A is G , and eigenvalues of A are
λ1, . . . , λn.



Three
Fundamental

Structured
Inverse Eigenvalue

Problems



The λ-µ-SIEP: for trees

Theorem (A. Leal-Duarte 1989)

For given

λ1 < µ1 < λ2 < µ2 < · · · < µn−1 < λn: real numbers,

G : a tree on n vertices, and

v: a fixed vertex of G ,

there is an n × n real symmetric matrix A such that

eigenvalues of A are λ1, λ2, . . ., λn,

eigenvalues of A(v) are µ1, µ2, . . ., µn−1, and

graph of A is G .



The λ-µ-SIEP: for connected graphs

Theorem (K. H.M. and B.L. Shader 2013)

For given

λ1 < µ1 < λ2 < µ2 < · · · < µn−1 < λn: real numbers,

G : a connected graph on n vertices, and

v: a fixed vertex of G ,

there is an n × n real symmetric matrix A such that

eigenvalues of A are λ1, λ2, . . ., λn,

eigenvalues of A(v) are µ1, µ2, . . ., µn−1, and

graph of A is G .



The λ-µ-SIEP: perturbing a diagonal entry

Theorem (K. H.M. and B.L. Shader 2014)

For given

λ1 < µ1 < λ2 < µ2 < · · · < µn−1 < λn < µn: real numbers,

G : a connected graph on n vertices, and

v: a fixed vertex of G ,

there is an n × n real symmetric matrix A such that

eigenvalues of A are λ1, λ2, . . ., λn,

eigenvalues of A + aEvv are µ1, µ2, . . ., µn, and

graph of A is G ,

where a =
∑

i (µi − λi ).



A τ -pairing

Recall the second order Cauchy interlacing inequalities:

λ1 λ2 λ3 λ4

µ1 µ2 µ3

τ1 τ2

If two consecutive τ ’s are between two consecutive λ’s, it is called
a τ -pairing
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A tree with adjacent vertices r and s

r s

β1

β2

βis

α1

α2

αir

VsVr



The λ-τ -SIEP: for trees

Theorem (K. H.M. and B.L. Shader 2014)

For given

λ1 < λ2 < · · · < λn and τ1 < τ2 < · · · < τn−2: real numbers,

G : a tree on n vertices, and

r , s: two vertices of G ,

where

λi < τi < λi+2, and τi 6= λi+1 for i = 1, . . . , n − 2,

there are k τ -pairings, and

T [Vr \ {r}] and T [Vs \ {s}] each have at least k vertices,

there is an n × n real symmetric matrix A such that

eigenvalues of A are λ1, λ2, . . ., λn,

eigenvalues of A({r , s}) are τ1, τ2, . . ., τn−2, and

graph of A is G .



The λ-τ -SIEP: for connected graphs

Theorem (K. H.M. and B.L. Shader 2014)

Under the same assumptions, if there are k τ -pairings, and G has
a spanning tree T as before, then there is an n × n real symmetric
matrix A such that

eigenvalues of A are λ1, λ2, . . ., λn,

eigenvalues of A({r , s}) are τ1, τ2, . . ., τn−2, and

graph of A is G .



The λ-τ -SIEP: perturbing two diagonal entries

Theorem (K. H.M. and B.L. Shader 2014)

Under the same assumptions, if there are k τ -pairings, and G has
a spanning tree T as before, for given

λ1 < λ2 < · · · < λn and τ1 < τ2 < · · · < τn: real numbers,

where

λi < τi < λi+2, and τi 6= λi+1 for i = 1, . . . , n − 2,

λj < τj for j = n − 1, n − 2,

there is an n × n real symmetric matrix A and real numbers ar and
as such that

eigenvalues of A are λ1, λ2, . . ., λn,

eigenvalues of A + arErr + asEss are τ1, τ2, . . ., τn, and

graph of A is G .



The Nowhere-zero Eigenbasis SIEP: for trees

Theorem (K. H.M. and B.L. Shader 2014)

For given

λ1 < λ2 < · · · < λn: real numbers, and

G : a tree on n vertices,

there is an n × n real symmetric matrix A such that

eigenvalues of A are λ1 < λ2 < · · · < λn,

graph of A is G , and

none of the eigenvectors of A has a zero entry.



The Nowhere-zero Eigenbasis SIEP: for connected graphs

Theorem (K. H.M. and B.L. Shader 2014)

For given

λ1 < λ2 < · · · < λn: real numbers, and

G : a connected graph on n vertices,

there is an n × n real symmetric matrix A such that
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none of the eigenvectors of A has a zero entry.



Overcoming
Difficulties



Derivatives of F
Consider the maps

F : M 7→ (λ1(M), λ2(M), . . . , λn(M)),

where λi (M) is the i-th smallest eigenvalue of M.

G : M 7→ (c0(M), c1(M), . . . , cn−1(M)),

where ci (M) is the coefficient of x i in the characteristic polynomial
of M.

Differentiating these functions with respect to the entries is hard.

Solution: consider the map

f : M 7→ (tr M, tr M2, . . . , tr Mn).

Then,
∂

∂xt
(tr Mk) = 2k

(
Mk−1

)
i ,j
.
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where ci (M) is the coefficient of x i in the characteristic polynomial
of M.

Differentiating these functions with respect to the entries is hard.

Solution: consider the map
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Then

Jac(f )
A
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· · · An−1
imjm
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Nonsingularity of Jacx(f) A

In the λ-µ-SIEP for connected graphs let A be a solution for the
λ-µ-SIEP for a spanning tree T of G , B = A(v), and let

M =



2x1 xn+1 y1 · · ·

xn+1 2x2 xn+2
. . .

...

y1 xn+2 2x3
. . . ym

...
. . .

. . .
. . . x2n−1

· · · ym x2n−1 2xn


,N = M(v).

Define

f (x, y) :=

(
tr M

2
,

tr M2

4
, . . . ,

tr Mn

2n
,

tr N

2
,

tr N2

4
, . . . ,

tr Nn−1

2(n − 1)

)
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Let B̃ be the matrix obtained from B by inserting a zero row and
column in the v -th row and column of it. Then

Jacx (f )
A
=



I11 · · · Inn Ii1j1 · · · Iin−1jn−1

A11 · · · Ann Ai1j1 · · · Ain−1jn−1

...
. . .

...
...

. . .
...

An−1
11 · · · An−1

nn An−1
i1j1

· · · An−1
in−1jn−1

Ĩ11 · · · Ĩnn Ĩi1j1 · · · Ĩin−1jn−1

B̃11 · · · B̃nn B̃i1j1 · · · B̃in−1jn−1

...
. . .

...
...

. . .
...

B̃n−2
11 · · · B̃n−2

nn B̃n−2
i1j1

· · · B̃n−2
in−1jn−1
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.

det(Jacx(f )
A

) = ?

Solution: Rows of Jacx(f )
A

are linearly independent.
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Assume αT Jacx(f )
A

= 0. i.e.

α1 Jac1 + · · ·+ α2n−1 Jac2n−1 = 0 (∗)

Define:
p(x) = α1 + α2x + · · ·+ αnxn−1,

q(x) = αn+1 + αn+2x + · · ·+ α2n−1xn−2.

and
X = p(A) + q̃(B).

Then

(∗)⇐⇒

{
X ◦ A = O,

X ◦ I = O.

Also note that (AX − XA)(v) = O. It can be shown that X = O,
and p(x) ≡ 0, q(x) ≡ 0.
Hence α = 0.
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Future
Work



Transverse Intersections
The mentioned problem can be described in terms of some
manifolds intersecting transversally, which gives a more general
approach to the Jacobian method.

A

A(ε)

S = {B ∈ Symn(R) |σ(B) = Λ}
P = {B ∈ Mn(R) |B is a diagonal matrix}

P(ε)

TA(P)
TA(S)

Question: Could this help us to solve the cases where there are
repeated eigenvalues, or the interlacing inequalities are not strict?



The Constant Rank Theorem vs. IFT

Theorem (Constant Rank Theorem1)

Assume a ∈ U ⊆ Rn, F = (f1, . . . , fm) : U → Rm is C∞(U), and

the rank of Jac(F )
x

is k for all x in a neighborhood of a. Then

there are open neighborhoods V of a and W of F (a) and
diffeomorphisms φ : V → Rn and ψ : W → Rm with

V

Rn

W

Rm

φ

F

ψ

such that ψ ◦ F ◦ φ−1(x1, . . . , xn) = (x1, . . . , xk , 0, . . . , 0).

Question: Could this help us to solve the cases where there are
repeated eigenvalues, or the interlacing inequalities are not strict?

1
[S.G. Krantz and H.R. Parks, The Implicit Function Theorem: History, Theory, and Applications, 2013]



λ-SIEP for G when multiplicities are allowed

Question: What if the λi ’s are not distinct?

A =

× ×
× × ×
× × ×
× × ×
× × ×
× ×





Λ



λ-µ-SIEP for G when multiplicities are allowed

Questions: What if some of these conditions are not necessary?

The λi ’s are distinct.

The µi ’s are distinct.

The µi ’s strictly interlace the λi ’s.

A =

× ×
× × ×
× × ×
× × ×
× × ×
× ×





M
Λ



Generalization: λ-γ-SIEP for G when multiplicities
are allowed

Question: What about the case that the eigenvalues of G and a
k × k principal submatrix of it are prescribed?

A =

× ×
× × ×
× × ×
× × ×
× × ×
× ×





Γ
Λ



Generalization: λ-γ-δ-SIEP for G when multiplicities
are allowed

Question: What about the case that the eigenvalues of G and a
k × k principal submatrix of it and its complement are prescribed?

A =

× ×
× × ×
× × ×
× × ×
× × ×
× ×





Γ

∆

Λ



Other Problems

Question: Let G be a graph on n vertices and λ1 ≤ λ2 ≤ · · · ≤ λn
be n real numbers. Is there a real symmetric matrix A such that
G (A) = G and λk ∈ σ(A[1, 2, . . . , k]), for k = 1, 2, . . . , n?

A =

× ×
× × ×
× × ×
× × ×
× ×





λ1

λ2

λ3

λ4

λ5



Thank You!!
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