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1. Introduction

The graph of an n x n real symmetric matrix A = [a,;] is the (simple) graph G on
n vertices 1,2,...,n with edges {7, 7} if and only if a,; # 0 and 7 # j. In the recent
years considerable research has concerned the relationship between the spectrum of a
symmetric matrix and its graph (for example see [3] and the references therein). The
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first result we recall asserts that every graph realizes each spectrum consisting of distinct
eigenvalues. We denote the multi-set of eigenvalues of A by spec(A).

Theorem 1.1. /3, Theorem 2.2.1] Let A = {A1,Aa,..., A\n} be a set of n distinct real
numbers and G be a graph on n vertices. Then there is a real symmetric matriz A whose
graph is G and spec(A) = A.

The nowhere-zero eigenbasis problem for G, raised by Shaun Fallat [2], is an extension
of the Theorem 1.1 that puts extra requirements on the matrix A, namely that none of
its eigenvectors has a zero entry. Note that if G is not connected, then A will be a direct
sum of matrices and hence its eigenvectors will have zero entries. Thus, it is necessary
to assume G is connected. More formally, the problem we study in this paper is the
following.

The nowhere-zero eigenbasis problem for G. For a given connected graph G on n
vertices and given list A1, Ao, ..., \,, of n distinct real numbers, does there exist a
real symmetric matrix A whose graph is G, its eigenvalues are A1, Ag, ..., Ay, and
none of the eigenvectors of A has a zero entry?

For a square matrix A and subsets o and 8 of indices, Alw, ] is the submatrix of
A with rows indexed by « and columns indexed by 5. The matrix obtained from A by
deleting its j-th row and j-th column is denoted by A(j). Note that if the j-th entry of
an eigenvector of A is zero, then A and A(j) share the eigenvalue corresponding to that
eigenvector. The converse is also true; namely, if A and A(j) share an eigenvalue A, then
there is an eigenvector of A corresponding to A whose j-th entry is zero. To see this,
assume j = 1 and note that if x and y are eigenvectors of A(1) and A, respectively, corre-
sponding to the eigenvalue A, then either the first entry of @ is zero, or A[{2,...,n}, {1}]
is in the column space of A(1) — AI, which along with the symmetry of A imply that

g

is an eigenvector of A corresponding to A. From this perspective, the nowhere-zero eigen-
basis problem concerns the existence of a real symmetric matrix A with prescribed
spectrum and graph such that o(A) No(A(5)) = 0 for each j.

The Cauchy interlacing inequalities guarantee that o(A(j)) interlaces o(A), that is,
if A < Xg <--- <\, are eigenvalues of A and py < po < --- < pp,—1 are eigenvalues of
A(j), then

Aigﬂié)\i_}rl, fOI"L':LQ,...,TL*l. (1)

Thus the condition o(A)No(A(j)) = 0 is equivalent to the condition that o(A(7)) strictly
interlaces o(A), that is, all the inequalities in (1) are strict. Hence, from this perspective,
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Fig. 1. Matrix A whose graph is a star on 4 vertices.

the nowhere-zero eigenbasis problem concerns finding a matrix of order n with prescribed
spectrum and graph such that there are strict inequalities in the interlacing inequalities
for each principle submatrix of order n — 1.

We now recall a useful concept from [3]. Let A be a real symmetric matrix whose
graph is a tree T. For a vertex v of T, we let T'(v) denote the graph obtained from T
by deleting vertex v. As T is a tree, the connected components of T'(v) will be trees,
and these are called the branches of T' at v. If w ~7 v, then the branch of T at v that
contains w is denoted by T, (v), and the principal submatrix of A determined by the
vertices of T, (v) is denoted A[T,,(v)].

Definition 1.2. Let A be a real symmetric matrix or order n whose graph is a tree T'.
A vertex v of T is a Duarte vertex of A if

(i) n =1 and v is the only vertex of T', or
(ii) n > 1, the eigenvalues of A(v) strictly interlace those of A, and w is a Duarte vertex
for A[T,,(v)], for each vertex w in T'(v) that is adjacent to v in T

When v is a Duarte vertex of A, we say that A has the Duarte property with respect
to v. We note that if A has the Duarte property with respect to a vertex v, then none
of its eigenvectors has a zero entry in row v. It is shown that [3, Remark 3.1.3] for a real
symmetric matrix A whose graph is a tree, a vertex v is a Duarte vertex for A if and
only if o(A(v)) N (A) = 0. Thus, if the graph of A is a tree, then no eigenvector of A
has a 0 if and only if A has the Duarte property with respect to each vertex.

Example 1.3 below suggests that the resolution of the nowhere-zero eigenbasis problem
is perhaps not easy, as not every matrix with the Duarte property with respect to a vertex
has a the Duarte property with respect to all the vertices.

Example 1.3. Consider the following matrix A whose graph is a star on 4 vertices shown
in Fig. 1. The eigenvalues of A are approximately 2, —0.164, 2.773, and 4.391. The
eigenvalues of A(1) are approximately 0.186, 2.471, and 4.343 which strictly interlace
the spectrum of A, and hence A has the Duarte property with respect to vertex 1. But
the eigenvalues of A(2) are 2, 2 and 4. That means A does not have the Duarte property
with respect to vertex 2.

In Section 2 we provide several preliminary results regarding the Duarte property.
In Section 3 we provide a solution for the nowhere-zero eigenbasis problem, using the
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implicit function theorem, in the case that the graph is a tree. In Section 4 we provide a
solution for the nowhere-zero eigenbasis problem for connected graphs, again using the
implicit function theorem. Finally, in the last section we use the results of Section 4 to
show that for every pair of connected graphs G and H with the same number of vertices
there is a symmetric matrix with two distinct eigenvalues whose graph is the join of G
and H.

2. Preliminary results

Let K be a subset of vertices of 7. The induced subgraph of T on vertices in K is
denoted by T[K], and the matrix obtained from A by keeping the vertices indexed by
K is denoted by A[K]. In this section we study several properties implied by the Duarte

property.

Lemma 2.1. Let A be a real symmetric matriz whose graph is a tree T. Then verter v
of T is not a Duarte vertex for A if and only if there is a vertex u and a branch K of T
at u that does not contain v such that A[K] and A[K U{u}] have a common eigenvalue.

Proof. First assume v = vy is not a Duarte vertex for A. We prove the existence of such
u and K by induction on the number of vertices. Since v is not Duarte, T has at least
two vertices. If A(v) and A have a common eigenvalue, then we can take v = v and K
to be a branch of T at v having that common eigenvalue. Otherwise, there is a branch
L of v such that A[L] doesn’t have the Duarte Property with respect to the neighbor w
of v that is in L. By the induction hypothesis, there exists vertex w and a branch of K
at u in L that does not contain w with (A[L])[K] and (A[L])[K U{u}] having a common
eigenvalue. Then u and K satisfy the desired properties for T'.

Conversely, assume that there is a vertex u and a connected component K of T\ {u}
not containing v, such that A[K] and A[K U {u}] have a common eigenvalue. Then
the path v = vg ~7 v1 ~7 -++ ~7 v = u from v to u is disjoint from K. Let T' =
Ty, {vo,v1,...,05—1}). Then A’(vy) has a common eigenvalue with A’ and v is not a
Duarte vertex for A. O

The next result was proven in [5, Corollary 1.3.2] for the eigenvalue 0. The result
for an arbitrary eigenvalue follows by replacing A by A — AI. Let ma(\) denote the
multiplicity of an eigenvalue \ of A.

Lemma 2.2. Let A be a real symmetric matriz whose graph is a tree T. If A and A(v)
have a common eigenvalue X\, then there is a vertex u of T and two connected components
K and L of T\ {u} not containing v, where A[K| and A[L] each have an eigenvalue A
and may(A) = ma(X) + 1.
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Lemmas 2.1 and 2.2 together imply the following.

Corollary 2.3. Let A be a real symmetric matriz whose graph is a tree T. If a vertez v of
T is not a Duarte vertex for A, then there is a vertex u and two connected components K
and L of T\ {u} not containing v such that A[K| and A[L] have a common eigenvalue.

Proof. If v is not a Duarte vertex for A, then by Lemma 2.1 there is a vertex w and
a connected component M of T'(w) not containing v such that A[M] and A[M U {w}]
have a common eigenvalue p. By Lemma 2.2 there is a vertex u of T[M U {w}] and two
connected components K and L of T[M U{w}](u) not containing w such that A[K] and
A[L] have a common eigenvalue p. 0O

Now we show that if a vertex is a Duarte vertex for a matrix, then it is a Duarte vertex
for the principal submatrix obtained by deleting some of the connected components
adjacent to that vertex.

Lemma 2.4. Let A be a real symmetric matriz whose graph is a tree T. Let v be a vertex
of T and K1, K, ..., K, be the connected components of T \ {v}, and set

=7\ J K

i€l

for some I C {1,2,...,¢}. If v is a Duarte vertex for A, then v is also a Duarte vertex
for A[T"].

Proof. We first show that for K, a connected component of T\ {v}, if v is a Duarte vertex
for A, then v is also a Duarte vertex for A(K). Let L = T\ K, and B = A(K) = A[L]. We
want to show that v is a Duarte vertex for B. If v is not a Duarte vertex for B, then by
Corollary 2.3 there is a vertex u of L and two connected components M and N of L\ {u}
such that B[M] and B[N] have a common eigenvalue. This leads to the contradiction
that A[M] and A[N] have a common eigenvalue. Hence v is a Duarte vertex for B.

Repeating this process shows that if v is a Duarte vertex for A then it is a Duarte
vertex for

A(lJK). o

icl

Furthermore, Lemma 2.4 implies the following technical corollary.
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Corollary 2.5. Let A be a real symmetric matriz whose graph is a tree T. Let vy be a
vertex of T, with neighbors vi,ve,...,vg. Let Ty, Ts, ..., Ty be the connected components
of T\ {vo}, where each T; contains v; fori=1,2,... k. If v1 is a Duarte vertex for A,
then each v; is a Duarte vertex for A[T;], fori=1,2,... k.

Proof. The fact that vg,vs, ..., v, are Duarte vertices for A[Ts], A[T3],. .., A[Tk], respec-
tively, follows from the definition of the Duarte property of vy for A. Also Lemma 2.4
implies v; is a Duarte vertex for A[T1] by choosing v = v; and K = T}, (v1). O

Any matrix with the Duarte property with respect to a vertex v has distinct eigen-
values. Hence Corollary 2.5 implies the following.

Corollary 2.6. Let A be a real symmetric matriz whose graph is a tree T. Let vy be a
vertex of T, with neighbors vi,ve,...,vg. Let T1, Ty, ..., Ty be the connected components
of T\ {vo}, where each T; contains v; fori=1,2,... k. If vy is a Duarte vertex for A,

then each A[T;] has distinct eigenvalues, fori=1,2,... k.

3. The Jacobian method and trees

In this section we will construct a matrix whose graph is a given tree T on n
vertices 1,2,...,n, its spectrum is a prescribed set of n distinct real numbers A =
{A1,A2,..., An}, and none of its eigenvectors have a zero entry. Informally, the idea is
the following. Let M = {p1, pi2, ..., in—1} so that M strictly interlaces A, that is,

Ai < s < Xig

fori =1,2,...,n—1. By [4, Theorem 4.2] there is a matrix A with graph T" and spectrum
A such that the spectrum of A(1) is M. Since M strictly interlaces A, the matrix A has
the Duarte property with respect to vertex 1. If A has the Duarte property with respect
to each vertex we are done. Otherwise we use the implicit function theorem to show
that the matrix can be perturbed so that its graph and spectrum remain the same while
the number of vertices that are not Duarte vertices decreases. This process is repeated
until we reach a matrix with the same graph and spectrum as A, and having the Duarte
property with respect to each vertex. Consequently, none of the eigenvectors of this
matrix has a zero entry.

Let T be a tree on n vertices, and v be a fixed vertex of T' with neighbors vy, v, . .., vg,
and let T; = T, (v). Let A = {A\1, Aa,..., A} be a set of n distinct real numbers. By [4,
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Theorem 4.2] there is a matrix A whose graph is T, its spectrum is A, and v; is a Duarte
vertex for A. Without loss of generality assume A has the following form

Aoy alT ag cee af T
a; Ay @) . O
as O As e O
A= , (2)
ai O O e Ay,

where the first row and column correspond to vertex v, only the first entry of each aL,T
is nonzero, and each A; = A[T;]. Furthermore assume that A; is m x m.

Let B be the matrix obtained by replacing each entry of A outside of A; by 0, that
is,

[0 0 0 0 ]
0| A O O
0 O O O
B= (3)
0 O O O

First, we prove the following technical lemma. Here [-,:] denotes the commutator
operator.

Lemma 3.1. Let A be an n x n matriz with distinct eigenvalues, such that A and B have
the form (2) and (3), respectively. If A has the Duarte property with respect to vertex v,
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and if q(x) is a polynomial of degree less than m such that [A, q(B)] = O, then q(x) is
the zero polynomial.

Proof. Assume that A has the Duarte property with respect to v and g(x) is a polynomial
of degree less than m such that [A, ¢(B)] = O. By Corollary 2.6, the eigenvalues of A;
are distinct. Let

m

T

= pewow;
=1

be the spectral decomposition of A;. Then

m
9(A1) = q(po)wewy .
=1

First note that since [A, ¢(B)] = O, the form of B implies that
e’q(Ar) =07, (4)

where e is the standard unit vector of appropriate size with 1 in the first position and
zeros elsewhere. Also, since A has the Duarte property with respect to vertex vy, by
Corollary 2.5 A; has the Duarte property with respect to vertex v;. This implies that
eTwy, # 0 for £ =1,2,...,m. From (4) we have:

m
Zq ) el 'wng =07.
=1

Since {w1,...,w,,} is linearly independent, each q(¢)eTw, = 0. And since e?wy # 0
we have g(ue) = 0, for £ = 1,2,...,m. Finally, since pi, po, ..., ity are distinct and
deg(q) < m, we conclude that ¢(z) is the zero polynomial. O

We now follow the method introduced in [3], known as the Jacobian method. Let
M be the symmetric matrix obtained from A by replacing its diagonal entries by
2x1,2x9, ..., 22, and its nonzero off-diagonal entries by 41, Zn42,...,ZTon—1. Set
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0 0 0 0

0 My O O

0 O O O
N =

0 O O O

Let * = (21,%2,...,T2,_1). Define f: R?~1 — R+™ by

£ )_ tr M tr M2 tr M™ tr N tr N2 tr N™
*)= 27 4 7777 o7 27 4 77 2am )7

Note that

otr M?
8.’17j

Jac(f) =

Otr N~
61‘]'

isan (n+m) x (2n — 1) matrix. Let J = Jac(f)A; that is, J is the matrix obtained from

Jac(f) by setting z; to be the corresponding entry of A. We now show that Lemma 3.1

implies that the rows of J are linearly independent.

Lemma 3.2. Let f be defined by (5), and let A be as in (2) such that A has the Duarte

property with respect to vertex vi. Then rows of J = Jac(f)‘A are linearly independent.

Proof. By [4, Lemma 3.1] we have
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Iy - Iy Iiljl T Iin—ljn—l

A - Ann Ailjl T Ain—ljn—l
n—1 n—1 n—1 n—1

A11 Ann Ailjl In—1jn—1

J = 9

] ! / e /

Ill e Inn Iiljl Iin—ljn—l

By -+ Bun Bi1j1 o Bin—ljn—l

m—1 m—1 m—1 . m—1

L Bll Bnn Bi1j1 Bin—ljn—l 4

where I’ denotes the matrix obtained form the identity matrix by replacing all entries
outside the same block as A; with 0, and each i,j, denotes a nonzero position of A. Let

(O‘HB) = (OéO,Oéla .. 'aanfl,/ﬁ()aﬂla .. ~35m71)~

Assume (a, 8)J = 0. It suffices to show that o = 0 and 8 = 0. Let

p(z) = gz’ + ayz + - 4+ gzt

)

q() = Boa® + Brz + -+ + Brp_1a™ !

and X = p(A) + ¢(B). Note that rows of J are linearly independent if and only if both
p(z) and ¢(z) are the zero polynomial.

Let o denote the Schur (entry-wise) product of two matrices. From (e, 8)J = 0 we
have X oI = O and X o A = O. Partition X to conform with that of A, namely,

0 | of | yi | - Yi |
y, | X1 | X | - Xk
yy | Xo1 | Xo | .- Xog
X - Y (6)
ye | Xk | Xk | - Xk

where each X, = Xj;. Note that [4, p(4)] = O, and thus [4, X] = [A, ¢(B)], which is of

the form



306 K. Hassani Monfared, B.L. Shader / Linear Algebra Appl. 505 (2016) 296-312

[0 afq(A) | 0 | .- 0 ]
q(Al)al O O O
0 0] O O
(A, X] = (7)
0 0] O O

Note that in the (2,2) block of [A, X] = [A, ¢(B)] we have [A1,¢(A;1)] = O. Further note
that for ¢ = 1,2,...,k the (¢ + 1,£ + 1)-block of [A, X] is [A¢, X¢] — ysa] + awy} =
O. Thus, [As, X)) = y,a] — apy!. But only the first entry of a, is nonzero. Thus
(yeai —awy;)(1) = 0.

Hence for each £ =1,2,...,k we have

(a) [Ar, X(J(0) = O;

(b) XyoI =0;

(¢) XgoAr=0 and

(d) Ay has the Duarte property with respect to the vertex vy (by Corollary 2.5 and the
fact that A has the Duarte property with respect to vertex vy).

By [4, Lemma 2.2] we have X; = O for each ¢ = 1,2,... k. But that means each
agsz = 0. Recall that each a, has only one nonzero entry, which is its first entry.
Consequently, y, =0, for £ =1,2,... k.

Now consider the (i + 1,7 + 1)-block of [A4, X], where 1 < i < j < k. This block is
A; X;; — X;jA; = O. Since vertex vy is a Duarte vertex for A, o(A;) No(A;) = 0 for
2 <i < j <k, and hence by [4, Lemma 1.1] X;; = O, for all 2 < i < j < k. Since

Xji= WW@get Xij =0 fori,5 > 1.

Furthermore, A1 X:; = X1;A; for j =1,2,...,k. By [4, Lemma 1.1] there are eigen-
vectors wi, Uz, ..., us of Ay and wq,ws,...,w, of A; corresponding to the common
eigenvalues of A; and A;, and scalars ¢y, ¢, ..., cs such that

S

2 : T
le = CoUupwy .

l=1

Since A; (j > 2) has the Duarte property with respect to a vertex, Corollary 2.6 implies
that A; (j > 2) has distinct eigenvalues. Hence, w1, ws, . . ., w, are linearly independent.
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Moreover, each Ay has the Duarte property with respect to vertex v, which corresponds
to its first entry. Thus eTu, # 0, for £ = 1,2, ..., k, where e is the standard unit vector
of the appropriate size with a 1 on the first entry. The (1,5 + 1)-block of [A, X] is
aJTle = O. Since a; has only one nonzero entry on the first position, e’ X;; = O for
j=1,2,...,k. Thus

S
eTle = g ceeTuZ'weT =0.
=1

Since {wi,ws,...,wy} is linearly independent and each eTu, is nonzero, ¢, = 0 for
¢=1,2,...,k. Thus, Xy; = O for £ =1,2,..., k. This shows that X = O.

Recall that X = p(A) + ¢(B). Since X = O, p(A) = —q(B), which has first row
and column all zeros. By Lemma 3.1 g(x) is the zero polynomial. In particular, p(A) =
—q(B) = O. Since deg(p) < n and A has n distinct eigenvalues and p(A) = O, we get
p(z) is the zero polynomial. That is @ =0 and B =0. O

Theorem 3.3. Let T be a tree on n vertices, and v be a fixed vertex of T with neighbors
U1, V2, ..., Uk, and let T; = T, (v). Let A = {1, Aa,..., \n} be a set of n distinct real
numbers. Also, let A be a real symmetric matriz whose graph is T, its spectrum is A,
and vy is a Duarte vertex for A. Then there exists a perturbation A of A such that

) graph of A is also T,

) eigenvalues of A are the same as eigenvalues of A,

(iii) every vertex that is a Duarte vertex for A is a Duarte vertex for A, and
) vertex v is also a Duarte vertex for A.

Proof. First consider the case that A; and A do not have any common eigenvalues. Then
by Corollary 2.3, A and A(v) don’t have any common eigenvalues, and hence A has the
Duarte property with respect to v. Thus we may take A=A and clearly (i)—(iv) hold.
Next consider the case that A; and A have at least one common eigenvalues. Let f
be defined as in (5). By Lemma 3.2 the rows of Jac( f)‘A are linearly independent, that

is Jac(f)‘A is onto. Note that

:<22M’ZA? LN Tm p Zﬂ%”),

f’ 4 77 om0 2 4 77 2m

A
where p;’s are the eigenvalues of A;. Choose I' = {7y1,72,...,7m} such that ~; is close
but not equal to p;, for i = 1,2,...,m, and that TN A = 0, and I' N o(4;) = 0, for
j=2,3,...,k. Then by the Implicit Function Theorem there is a small perturbation A
in R?2"~1 of A, such that

:<22Ai’ZA? 2N X X Z%”).

f‘g 4 77 o T 2 4 T 2m
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That is, properties (i) and (ii) hold. Newton’s identities imply that the o(A;) =TI'. Since
the perturbation is small, o(A(w)) remains close to o(A(w)). That is, if w is a Duarte
vertex for A, it is also a Duarte vertex for A. Hence property (iii) holds.

Recall that by Corollary 2.6 since A has the Duarte property with respect to vertex
v1, A1, As, ..., A have distinct eigenvalues. If v is not a Duarte vertex for l then by
Corollary 2.3 there is a vertex u with two connected components not containing v which
have a common eigenvalue. Since A has the Duarte property with respect to vertex vy,
this could happen only if v = 1 and one of the connected components is 77 and another
is T}, for some j = 2,3,...,k. But A is constructed in a way that A, and 12[]‘ do not have
a common eigenvalue. Hence property (iv) also holds. O

Now we are ready to solve the nowhere-zero eigenbasis problem for trees.

Theorem 3.4. For a given tree T on n wvertices 1,2,...,n, and given distinct eigen-
value A1, Aa, ..., \n, there exists a real symmetric matric A whose graph is T and its
eigenvalues are A1, Ag, ..., A\n, such that none of the eigenvectors of A has a zero entry.

Proof. By [4, Theorem 4.2] there is a real symmetric matrix A whose graph is T and its
eigenvalues are A1, Ao, ..., A\, and A has the Duarte property with respect to vertex 1.
Apply Theorem 3.3 to vertex 1 and a neighbor of it which is not a Duarte vertex for A,
say vertex 2, to obtain a matrix A with the desired graph and spectrum. Matrix A has
the Duarte property with respect to vertices 1 and 2. Replacing A by g, we can iterate
this process for a vertex that is a Duarte vertex and a neighbor of it which is not a
Duarte vertex for the new A to obtain a new A. In less than n iterations we stop and the
result is a real symmetric matrix whose graph is T, its eigenvalues are A1, Ao, ..., A,, and
it has the Duarte property with respect to each vertex. That is, none of its eigenvalues
has a zero entry. O

4. The Jacobian method and connected graphs

In this section we will use the results of the previous section and several results from
[3,4] to show the existence of a nowhere-zero eigenbasis for any set of distinct eigenvalues
for any connected graph.

Fix T to be a tree with vertices 1,2,...,n and edges ex = {ig,jr}, for &k =
1,...,n — 1. Also fix G to be a supergraph of T with m additional edges. Let
T1,22, -, Ton—1,Y1,Y2, - - -, Ym be independent indeterminates, and set

x = (r1,22,...,Tan—1), and Yy = (Y1,Y2, -+, Ym)-

Define M = M(x,y) to be the matrix with 2z; in the (4,4) position for i = 1,2...,n,
Zntk in the (ig, ji) and (jg, i) positions, for k = 1,2,...,n — 1, yi in the (ig,jr) and
(Jk, k) positions, where {ij, ji} is an edge of G not in T, for k = 1,2,...,m, and zeros
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elsewhere. Set N = N(x,y) = M(w); that is, N is the principal submatrix obtained
from M by deleting its w-th row and column.
Let

t" + Cn—l(m7y) tn71 +- Cl(w7y) tl + CO(ma y)
and
" dy o (2, y) " 4 di (2, y) E 4 do(z, )

be the characteristic polynomials of M and N, respectively. Also, let g : R2"~1 x R™ —
R2"~! be the polynomial map defined by

g<$7y) = (Co(il:,y), s 7Cﬂ*1($7 y)’ do(il:7y), s ,dn*2<wvy)> . (8)

Let f:R? 1 x R™ — R?"~! be the polynomial map defined by

(9)

tr M tr M2 tr M™ tr N tr N2 tr N1
flz,y) = :

2 74 7 op 2 04 T2 —1)

By Newton’s identities [3, Proposition 1.2.2], there is an infinitely differentiable, in-
vertible function h : R??~1 — R?"~! such that goh = f. Thus, the Jacobian matrix of f
at a point « is nonsingular if and only if the Jacobian matrix of g at hA(x) is nonsingular.

Theorem 4.1. [/, Theorem 3.3] Let A be a matriz whose graph is a tree T with the Duarte
property with respect to a vertex w, and B = A(w). Let function f be defined by (9).
Then Jac(f)‘A has full row rank.

In [3] the Implicit Function Theorem is used to show the following result.

Theorem 4.2. [3, Remark 3.3.2] Let A be a matriz whose graph is a tree T with the
Duarte property with respect to a verter w. Then for every supergraph G of T, there is

a matriz A whose graph is G, and 0(A) = 0(A), and o(A(w)) = o(A(w)). Furthermore,
A can be taken to be arbitrarily close to A, entry-wise.

We note for A sufficiently close to A, if a submatrix of A has distinct eigenvalues
then so does the corresponding principal submatrix of A, and if the eigenvalues of A(7)
strictly interlace those of A then the eigenvalues of A(i) strictly interlace those of A.

Theorem 4.3. For a given connected graph G on n vertices, and given distinct eigen-
value A1, Aa, ..., \p, there exists a real symmetric matriz A whose graph is G and its
eigenvalues are A1, As, ..., An, such that none of the eigenvectors of A has a zero entry.
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Proof. Let T be a spanning tree of G. By Theorem 3.4 there is a matrix A with spectrum
A whose graph is T" and all of the eigenvectors of A are nowhere-zero. This means that
A has the Duarte property with respect to each vertex. Then by Theorem 4.1 Jac( f)‘A

has full row rank, for f defined by (9). By Remark 4.2 any supergraph G of T' can

be realized by a matrix A with the same spectrum as A, and the spectrum of A(v)
arbitrarily close to spectrum of A(v), for all v. That is, if an entry of an eigenvector of A
is nonzero, it remains nonzero in the corresponding eigenvector of A. Thus A is a matrix
whose eigenvalues are A1, ..., A,, its graph is G, and none of its eigenvectors has a zero
entry. O

5. An application

A recent paper of Ahmadi et al. [1] studies the following problem: determine, ¢(G), the
smallest number of distinct eigenvalues that a symmetric matrix with graph G has. The
join of two graphs G = (V(G), E(G)) and H = (V(H), E(H)), denoted by GV H, is the
graph with vertex set V(G) UV (H) and edge set E(G) UE(H)U{{g,h}|g € V(G),h €
V(H)}. In particular, in [1] it is shown that for each connected graph G, ¢(G V G) = 2,
where G V G is the join of G with itself. We use Theorem 4.3 to extend this result. First,
let us prove the following technical lemma.

Lemma 5.1. Let dy,...,d, be distinct real numbers in the interval (0,1), c1,...,¢, be
real numbers, and f(t) = Z;L:1 civ/dj +t. If f(t) =0 for all t in an open neighborhood
of 0, then c1,...,¢, =0.

Proof. Assume that f(¢) = 0 for all ¢ of sufficiently small modulus. Then
£(0)=0,f(0)=0,..., f"1(0) =0. (10)

Note that for m = 1,2,... we have

m i n —2m+1 . m—1 (2m — 3)'
f( )(0) = ;de 2 Cj, where Ay = (71) m

Equations (10) are equivalent to
C1 0
Co 0

diag(ag, ..., an—1) Vdiag(\/d1,...,\/dn) | . | =

Cn 0

where ap = 1, and V is the transpose of the n x m Vandermonde matrix for

(1/dy1),...,(1/dy). The matrix V is invertible since d;’s are distinct. The fact that o,’s
and d;’s are all nonzero and the invertibility of V imply that ¢; =0forj =1,2,...,n. O
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Theorem 5.2. Let G and H be connected graphs on n vertices. Then ¢(GV H) = 2.

Proof. Since a matrix only has one distinct eigenvalue if and only if it is a scalar matrix,
q(GVH)>2.

Let A1, ..., A, be n distinct real numbers in the interval (0, 1). By Theorem 4.3 there
exist symmetric matrices A and B such that A has graph G, B has graph H, both
A and B have eigenvalues A1,...,A, and both have a nowhere zero eigenbasis. Let
A= Z;.lzl )\jqjqf and B = Z?:l )\jrjrjr be the spectral decompositions of A and B
respectively.

Consider

My . ‘ 2im (\/m) g7y

Sy (, /1— A2+ t) riq; -B
Note that
P ‘ o i ai4) o
M;
)] ‘ 2;21 TerT 0] Z;’:l rjro
is equal to

diag( A, - - An) ‘ diag («/1—)\%+t,...,\/1—)\%+t>
diag<\/1—A%—i—t,...,\/l—)\%—i—t) ‘ diag(Ar, .., An)

Thus, M, is similar to

n A V1= A5+t
el VAPV =)

This matrix has eigenvalues ++/1 + ¢t. Hence q(M;) = 2.
Since each of q1,...,¢qn, T1,...,T, is nowhere zero, Lemma 5.1 implies that there is a

t such that Z;;l <, /1 — )\f + t) qujT has no entry equal to 0. For such ¢, the graph of
M, is GV H. Hence ¢(GV H)=2. O
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